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Abstract
Using path integral method (Fujikawa’s method) we calculate anomalies in noncommutative
gauge theories with fermions in the bi-fundamental and adjoint representations. We find that
axial and chiral gauge anomalies coming from non-planar contributions are derived in the low
noncommutative momentum limit p˜µ(≡ θµνpν) → 0. The adjoint chiral fermion carries no
anomaly in the non-planar sector in D = 4k(k = 1, 2, . . . , ) dimensions. It is naturally shown
from the path integral method that anomalies in non-planar sector originate in UV/IR mixing.
∗E-mail address: nakajima@phys.ge.cst.nihon-u.ac.jp
1 Introduction
Gauge theories on noncommutative space (or simply noncommutative gauge theories) are the
subject of much recent interest. (See for recent reviews [1, 2] and references therein.) One of the
interesting feature of noncommutative gauge theories at the quantum level is UV/IR mixing
[3]. Although the planar diagrams are essentially the same as those in the corresponding
ordinary field theories, the non-planar diagrams can also be seen to exhibit an interesting
stringy phenomenon. The planar diagrams control the UV properties, while the non-planar
diagrams generally lead to new IR phenomena through the mixing.
Anomalies in noncommutative gauge theories have been discussed by several authors [5]-[20].
There are two kinds of anomalies one of which comes from the planar contributions and the
other of which from the non-planar contributions. The anomalies in planar sector can be eval-
uated by several different methods. Axial anomalies have been calculated by the path integral
formulation (Fujikawa’s method) besides the perturbative analysis [5, 6]. Chiral gauge anoma-
lies can also be described using cohomological methods [7, 11]. It is known that these anomalies
take the form of the straightforward Moyal deformation in the corresponding anomalies in or-
dinary gauge theories. The theta (noncommutative) parameter does not explicitly appear in
the final formula except in the appearance of the Moyal star product.
The anomalies in non-planar sector have been studied from different points of view [9, 12, 19,
20]. When the chiral fermions of the noncommutative gauge theories are in the bi-fundamental
representation and the adjoint representation, there are non-planar contributions from the non-
planar diagrams. For the non-vanishing noncommutative momentum p˜µ ≡ θµνpν , however, the
non-planar triangle diagrams can be expressed in terms of the (modified) Bessel functions and
they are UV-finite without any regularizations. Hence, there are no anomalous contributions
from the non-planar diagrams [9, 19]. On the other hand, it was shown that axial anomaly in
non-planar sector does not vanish. For noncommutative QED with fermions in the fundamental
representation, there are two kinds of axial currents in which the order of the product of the
fermions differs. One of these currents leads to the anomaly of the non-planar contributions
when the noncommutative momentum is very small [12]. Anomalies in non-planar sector in the
case of zero noncommutative momentum have been discussed in detail in [20].
These arguments on the anomalies in non-planar sector are based on the perturbative anal-
ysis, while the anomalies in planar sector can be evaluated by the path integral method and
cohomological approach besides the perturbative analysis. Therefore, it will be natural to con-
sider approaches other than the perturbative analyze in the evaluation of the anomalies in
non-planar sector. In this paper we would like to derive axial and chiral gauge anomalies in
non-planar sector by path integral method. The path integral method will be found to be suited
for the calculation of the anomalies in non-planar sector. The paper is organized as follows.
In Sec. 2, we consider a noncommutative gauge theory with fermion in the bi-fundamental
1
and the adjoint representation and derive the axial anomaly in non-planar sector by the path
integral method. In Sec. 3, the path integral method is also applied in deriving the chiral gauge
anomaly in a noncommutative chiral gauge theory with chiral fermion in the bi-fundamental
and the adjoint representation. Sec. 4 is devoted to conclusions.
2 The axial anomaly for bi-fundamental and adjoint fermion
We first discuss the gauge theories with fermions in the bi-fundamental representation in non-
commutative Euclidean space. Let us consider a bi-fundamental Dirac fermion ψij(x) inter-
acting with a U(NA) gauge field Aµ
i1
i2(x) and a U(NB) gauge field Bµ
j2
j1(x). Here the index
i runs from 1 to NA and j from 1 to NB, respectively. The classical action of this theory on
2n-dimensional noncommutative (Euclidean) space is given by
S[ψ¯, ψ, A,B] =
∫
d2nx ψ¯ji(x) ∗ (i/D[A,B])ψij(x) . (2.1)
Here the operator /D[A,B] denotes the Dirac operator whose concrete form is given by,
/D[A,B]ψi1j1(x) = /∂ψ
i1
j1(x) + Aµ
i1
i2(x) ∗ γµψi2 j1(x)− γµψi1 j2(x) ∗Bµj2 j1(x)
= ( /∂δi1 i2δ
j1
j2 + Aµ
i1
i2(x) ∗ δj1j2γµ − δi1 i2 ∗Bµj1j2(x)γµ )ψi2 j2(x) , (2.2)
with the notations (Aµ∗)ψ ≡ Aµ ∗ ψ and (∗Bµ)ψ ≡ ψ ∗ Bµ [8]. Since we have chosen the
gamma matrices γµ, µ = 1, 2, . . . , 2n as Hermitian matrices, the matrix γ2n+1 ≡ (−i)n
∏2n
k=1 γµk
remains Hermitian. The symbol ∗ stands for the Moyal star product defined as follows,
f(x) ∗ g(x) = e i2θµν ∂∂ξµ ∂∂ζν f(x+ ξ)g(x+ ζ)
∣∣∣
ξ=ζ=0
=
∫
d4p
(2pi)4
∫
d4q
(2pi)4
e−
i
2
pµθµνqνei(pµ+qµ)x
µ
f˜(p)g˜(q) , (2.3)
where θµν = −θνµ denotes an antisymmetric real matrix.
We begin with the evaluation of the axial anomalies. We perform a infinitesimal (local)
chiral transformation:
δ2n+1ψ(x)
i
j = iλA(x) ∗ γ2n+1ψ(x)ij − iγ2n+1ψ(x)ij ∗ λB(x) ,
(2.4)
δ2n+1ψ¯
j
i(x) = iψ¯
j
i(x)γ2n+1 ∗ λA(x)− iλB(x) ∗ ψ¯j i(x)γ2n+1 ,
where λA(x) and λB(x) denote some infinitesimal functions. For the infinitesimal transforma-
tion, the action (2.1) changes to
δ2n+1S = −
∫
d2nx
{
λA ∗D(A)µ jµ(A)2n+1 + λB ∗D(B)µ jµ(B)2n+1
}
,
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where the currents j
µ(A)
2n+1(= j
µ(A)
2n+1
i
i) and j
µ(B)
2n+1(= j
µ(B)
2n+1
j
j) are defined, respectively, by the iden-
tities
j
µ(A)
2n+1(x) ≡ (ψβij(x) ∗ ψ¯αji(x))(γµγ2n+1)αβ ,
(2.5)
j
µ(B)
2n+1(x) ≡ (ψ¯αji(x) ∗ ψβij(x))(γµγ2n+1)αβ ,
and the covariant derivative of these current are given by
D(A)µ j
µ(A)
2n+1(x) ≡ ∂µjµ(A)2n+1(x) + Aµi1 i2(x) ∗ jµ(A)2n+1i2 i1(x)− jµ(A)2n+1i1 i2(x) ∗ Aµi2 i1(x) ,
D(B)µ j
µ(B)
2n+1(x) ≡ ∂µjµ(B)2n+1(x) +Bµj1j2(x) ∗ jµ(B)2n+1j2j1(x)− jµ(B)2n+1j1j2(x) ∗Bµj2j1(x) .
The partition function with classical action given in the expression (2.1) is defined as
Z[A,B] =
∫
Dψ¯Dψ exp (−S[ψ¯, ψ, A,B]) .
In order to compute the change of the path integral measure under the chiral transformation
(2.4), we introduce an orthonormal and complete set of eigenfunctions {ϕn} of the Dirac oper-
ator /D[A,B]. The fermions can be expanded in the orthonormal basis of eigenfunctions {ϕn}
as ψ(x) =
∑
n anϕn(x) and ψ¯(x) =
∑
n b¯nϕ
†
n(x), where the coefficients an and b¯n are Grass-
mann numbers. Under the infinitesimal transformations (2.4), the integration measure of the
fermionic fields transform as Dψ˜D ˜¯ψ = Jaxial[λA, λB]DψDψ¯ with the Jacobian,
Jaxial[λA, λB] = exp (−2iAaxial[λA, λB]) , (2.6)
where Aaxial includes the sum over the eigenstates n. Since the sum is ill-defined, we must
regularize the sum in a gauge invariant way. This is done by introducing a Gaussian damping
factor,
Aregaxial[A,B, λA, λB] = limε−→0Σn
∫
d2nx
[
λA(x) ∗ γ2n+1e−ε/D[A,B]2ϕn(x) ∗ ϕ†n(x)
− λB(x) ∗ ϕ†n(x) ∗ γ2n+1e−ε/D[A,B]
2
ϕn(x)
]
. (2.7)
We now evaluate the regularized sum in Fourier space ϕn(x) =
∫
d2nk
(2pi)2n
eik·xϕ˜n(k). Then we
have
Aregaxial[A,B, λA, λB]
= lim
ε−→0
∫
d2nx
∫
d2nk
(2pi)n
Tr
[
λA(x) ∗ γ2n+1 exp
(−ε{(i/k + /D[A,B])2}) eik·x ∗ e−ik·x
−λB(x) ∗ e−ik·x ∗ γ2n+1 exp
(−ε{(i/k + /D[A,B])2}) eik·x ] , (2.8)
3
where k · x ≡ kµxµ and the notation “Tr” denotes the trace over the U(NA), U(NB) and the
Dirac matrices. Notice that multiplication by a plane wave eik·x translates a general function
as e−ik·x ∗ f(x) ∗ eik·x = f(x − k˜), where k˜µ ≡ θµνkν . This exhibits that large momenta will
lead to large nonlocality of the theory. Taking this into account and inserting decomposition
/D2 = DµD
µ + 1
2
γµγν [Dµ, Dν ] into the expression (2.8), we obtain
Aregaxial[A,B, λA, λB] = limε−→0
∫
d2nx
∫
d2nk
(2pi)n
eεk·k (2.9)
Tr
[
λA(x) ∗ γ2n+1 exp
(
− ε
{
2ikµ
(
∂µ + Aµ(x) ∗ − ∗Bµ(x+ k˜)
)
+
(
∂µ + Aµ(x) ∗ − ∗Bµ(x+ k˜)
)2
+
1
2
γµγν
(
FAµν(x) ∗ − ∗ FBµν(x+ k˜)
)})
−λB(x) ∗ γ2n+1 exp
(
− ε
{
2ikµ
(
∂µ + Aµ(x− k˜) ∗ − ∗Bµ(x)
)
+
(
∂µ + Aµ(x− k˜) ∗ − ∗Bµ(x)
)2
+
1
2
γµγν
(
FAµν(x− k˜) ∗ − ∗ FBµν(x)
)}) ]
,
with FAµν ≡ ∂µAν − ∂νAµ + [Aµ, Aν ]∗ and FBµν ≡ ∂µBν − ∂νBµ + [Bµ, Bν ]∗. We expand the
exponential and utilize the trace properties of the Dirac matrices:
Tr(γ2n+1γµ1γµ2 · · · γµ2n) = (−2i)nεµ1µ2···µ2n , where εµ1µ2···µ2n is the Levi-Civita tensor. Then
only the term of n-th order in Fµν remains under the limit ε −→ 0. Performing the rescaling
kµ −→ (1/
√
ε)kµ, we have
Aregaxial[A,B, λA, λB] = limε−→0
∫
d2nx
∫
d2nk
(2pi)n
ek·k
in
n!
εµ1µ2···µ2n−1µ2n (2.10)
{
λA(x) ∗ TrATrB
[
(FAµ1µ2(x) ∗ − ∗ FBµ1µ2(x+
k˜√
ε
)) · · · (FAµ2n−1µ2n(x) ∗ − ∗ FBµ2n−1µ2n(x+
k˜√
ε
))
]
−λB(x) ∗ TrATrB
[
(FAµ1µ2(x−
k˜√
ε
) ∗ − ∗ FBµ1µ2(x)) · · · (FAµ2n−1µ2n(x−
k˜√
ε
) ∗ − ∗ FBµ2n−1µ2n(x))
]}
,
where the notations TrA and TrB denote the traces over the U(NA) and U(NB) matrices,
respectively.
Before advancing the calculation of axial anomaly in arbitrary dimensions, we will examine
the case of two and four dimensions concretely.
Two dimensions
First we consider the case of two dimensions. The explicit form of the expression (2.10) is
given by
Aregaxial[A,B, λA, λB] = limε−→0
∫
d2x
∫
d2k
(2pi)2
ek·kiεµν
{
NB λA(x) ∗ TrAFAµν(x) +NA λB(x) ∗ TrBFBµν(x)
− NB λA(x) ∗ TrA(FAµν(x−
k˜√
ε
)−NA λB(x) ∗ TrBFBµν(x+
k˜√
ε
)
}
, (2.11)
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where the coefficients NA(≡ TrAINA×NA) and NB(≡ TrBINB×NB) come from the trace of the
unit matrices INA×NA and INB×NB , respectively. Performing integration over the momentum
kµ, we find
Aregaxial[A,B, λA, λB] = limε−→0
∫
d2x
1
4pi
iεµν
{
NB λA(x) ∗ TrAFAµν(x) +NA λB(x) ∗ TrBFBµν(x)
− NB λA(x) ∗ TrA
∫
d2p
(2pi)2
F˜Aµν(p)e
ip·x exp
(
1
4ε
p ◦ p
)
− NA λB(x) ∗ TrB
∫
d2p
(2pi)2
F˜Bµν(p)e
ip·x exp
(
1
4ε
p ◦ p
)}
, (2.12)
where F˜µν(p) is the Fourier coefficients of the field strength Fµν(x) and the notation p ◦ p ≡
ηρσpµθ
µρpνθ
νσ(= p˜µp˜
µ) denotes the square of the noncommutative momentum [3]. It can be
regarded that the third and fourth term in the right-hand side of the expression (2.12) come
from the non-planar contributions, while the first and the second term come from the planar
contributions. The quantity p ◦ p satisfies the condition p ◦ p ≤ 0 under the Euclidean metric:
diag ηµν = (−1,−1) and hence the factor exp
(
1
4ε
p ◦ p) plays the role of the damping factor.
Since it satisfies p◦p < 0 for arbitrary non-zero momentum pµ in two dimensions, the expression
(2.12) becomes as follows
Aregaxial[A,B, λA, λB] =
∫
d2x
1
4pi
iεµν
{
NB λA(x) ∗ TrAFAµν(x) +NA λB(x) ∗ TrBFBµν(x)
− NB λA(x)TrAF˜Aµν(0)−NA λB(x)TrBF˜Bµν(0)
}
, (2.13)
by taking the limit ε −→ 0. If the Fourier coefficients F˜Aµν(0) and F˜Bµν(0) are non-zero, then
there are the non-planar contributions to the axial anomaly [20]. Note that the terms coming
from the non-planar sector in the expression (2.13) do not diverge under the “local” chiral
transformations.
Four dimensions
Next we consider the case of four dimensions. The explicit form of the expression (2.10) is
given by
Aregaxial[A,B, λA, λB] = limε−→0
∫
d4x
∫
d4k
(2pi)4
ek·k
−1
2
εµνρσ (2.14)
{
λA(x) ∗ TrATrB
[
(FAµν(x) ∗ − ∗ FBµν(x+
k˜√
ε
))(FAρσ(x) ∗ − ∗ FBρσ(x+
k˜√
ε
))
]
−λB(x) ∗ TrATrB
[
(FAµν(x−
k˜√
ε
) ∗ − ∗ FBµν(x))(FAρσ(x−
k˜√
ε
) ∗ − ∗ FBρσ(x))
]}
.
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Performing the integration over the momentum kµ, we find
Aregaxial[A,B, λA, λB] = − limε−→0
∫
d4x
1
32pi2
εµνρσ (2.15){
NB λA(x) ∗ TrAFAµν(x) ∗ FAρσ(x)−NA λB(x) ∗ TrBFBµν(x) ∗ FBρσ(x)
−2λA(x) ∗ TrAFAµν(x) ∗ TrB
∫
d4p
(2pi)4
F˜Bρσ(p)e
ip·x exp
(p ◦ p
4ε
)
+2λB(x) ∗ TrA
∫
d4p
(2pi)4
F˜Aµν(p)e
ip·x exp
(p ◦ p
4ε
)
∗ TrBFBρσ(x)
+NA λA(x) ∗ TrB
∫
d4p
(2pi)4
∫
d4q
(2pi)4
F˜Bµν(p)F˜
B
ρσ(q)e
ip·x ∗ eiq·x exp
(
(p+ q) ◦ (p + q)
4ε
)
−NB λB(x) ∗ TrA
∫
d4p
(2pi)4
∫
d4q
(2pi)4
F˜Aµν(p)F˜
A
ρσ(q)e
ip·x ∗ eiq·x exp
(
(p+ q) ◦ (p+ q)
4ε
)}
.
The factors exp
(
p◦p
4ε
)
and exp
(
(p+q)◦(p+q)
4ε
)
in the right-hand side of the expression (2.15) are
generated from the non-planar contributions. The quantities p ◦ p and (p + q) ◦ (p + q) sat-
isfy the condition p ◦ p ≤ 0 and (p + q) ◦ (p + q) ≤ 0 under the Euclidean metric, respec-
tively. Although p ◦ p = 0 is equivalent to p˜µ = 0, it is not equivalent to pµ = 0 in four or
higher dimensions. By using the notations F̂Aµν(x) ≡ limε−→0
∫
d4p
(2pi)4
F˜Aµν(p)e
ip·x exp
(
p◦p
4ε
)
and
F̂Aµν(x) ∗ F̂Aρσ(x) ≡ limε−→0
∫
d4p
(2pi)4
∫
d4q
(2pi)4
F˜µν(p)F˜ρσ(q)e
ip·x ∗ eiq·x exp
(
(p+q)◦(p+q)
4ε
)
, we can rewrite
the expression (2.15) as
Aregaxial[A,B, λA, λB] = −
∫
d4x
1
32pi2
εµνρσ (2.16){
NB λA(x) ∗ TrAFAµν(x) ∗ FAρσ(x)−NA λB(x) ∗ TrBFBµν(x) ∗ FBρσ(x)
−2λA(x) ∗ TrAFAµν(x) · TrBF̂Bρσ(x) + 2λB(x) ∗ TrBFBµν(x) · TrAF̂Aρσ(x)
+NA λA(x) · TrBF̂Bµν(x) ∗ F̂Bρσ(x)−NB λB(x) · TrAF̂Aµν(x) ∗ F̂Aρσ(x)
}
.
In deriving the expression (2.16), we have utilized the commutativity of the product: TrF̂µν ·
TrFρσ = TrFρσ ·TrF̂µν . Note that the Moyal star product TrFµν ∗TrF̂ρσ (or TrF̂µν ∗TrFρσ)results
in the normal (commutative) product under the vanishing noncommutative momentum.
The axial anomaly for the fermion in the adjoint representation can be obtained by setting
Aµ(x) = Bµ(x), λA(x) = λB(x) and NA = NB in the expression (2.16). Since the expression
of anomaly is antisymmetric under the exchange of the subscripts A and B, the axial anomaly
for the fermion in the adjoint representation vanishes in four dimensions.
Arbitrary even dimensions
Let us now return to the case of arbitrary even dimensions. The axial anomaly in arbitrary
even dimensions are derived by taking the limit ε −→ 0, after performing the integration over
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the momentum kµ in the expression (2.10). The explicit expression of the anomaly is given as
follows,
Aregaxial[A,B, λA, λB] =
∫
d2nx
in
n!(4pi)n
εµ1µ2µ3µ4···µ2n−3µ2n−2µ2n−1µ2n (2.17){
NB λA(x) ∗ TrAFAµ1µ2(x) ∗ FAµ3µ4(x) ∗ · · · ∗ FAµ2n−3µ2n−2(x) ∗ FAµ2n−1µ2n(x)
+(−1) Cn 1 λA(x) ∗ TrAFAµ1µ2(x) ∗ FAµ3µ4(x) ∗ · · · ∗ FAµ2n−3µ2n−2(x) · TrBF̂Bµ2n−1µ2n(x)
+(−1)2 Cn 2 λA(x) ∗ TrAFAµ1µ2(x) ∗ FAµ3µ4(x) ∗ · · · · TrBF̂Bµ2n−3µ2n−2 ∗ F̂Bµ2n−1µ2n(x)
· · · · · ·
+(−1)n−1 Cn n−1 λA(x) ∗ TrAFAµ1µ2(x) · TrBF̂Bµ3µ4 ∗ · · · ∗ F̂Bµ2n−3µ2n−2 ∗ F̂Bµ2n−1µ2n(x)
+(−1)n NA λA(x) · TrBF̂Bµ1µ2 ∗ F̂Bµ3µ4 ∗ · · · ∗ F̂Bµ2n−3µ2n−2 ∗ F̂Bµ2n−1µ2n(x)
−(−1)n × (All of the terms with subscript A ↔ B)
}
,
where we have used the notations Cn r ≡ n!r!(n−r)! and
F̂µ1µ2(x) ∗ F̂µ3µ4(x) ∗ · · · ∗ F̂µ2r−1µ2r(x)
≡ lim
ε−→0
∫
d2np
(2pi)2n
F˜µ1µ2(p)e
ip·x ∗ d
2nq
(2pi)2n
F˜µ1µ2(q)e
iq·x ∗ · · · ∗
∫
d2ns
(2pi)2n
F˜µ2r−1µ2r(s)e
is·x
× exp
{
1
4ε
(p+ q + · · ·+ s) ◦ (p+ q + · · ·+ s)
}
. (2.18)
The terms without F̂µν in the right-hand side of the expression (2.17) come from the non-planar
contributions, while all the other terms in the same expression come from the non-planar
contributions. In deriving the expression (2.17), we have utilized again the commutativity
of the product between Tr(F̂µν ∗ · · · ∗ F̂ρσ) and the other fields. Notice that the expression
(2.17) is antisymmetric under the exchange of the subscript A for B in D = 4k(k = 1, 2, . . . , )
dimensions, while it is symmetric in D = 4k − 2(k = 1, 2, . . . , ) dimensions. Therefore, the
chiral anomalies in D = 4k(k = 1, 2, . . . , ) dimensions vanish in the noncommutative gauge
theories with fermions in adjoint representation.
In general, the limit of the cutoff parameter ε(∼ 1/Λ)→ 0 and that of the noncommutative
momentum p˜µ → 0 do not commute in noncommutative quantum field theories [3]. This
phenomenon is known as UV/IR mixing. When we take the limit ε→ 0 after integrating over
the momentum kµ in the expression (2.10), and next take the limit p˜µ → 0, then we obtain the
axial anomaly (2.17). On the other hand, when we take the limit k˜µ → 0 before integrating
over the momentum kµ in the expression (2.10), and next take the limit ε→ 0, then we obtain
the axial anomaly comes from the planar contributions only. This phenomenon can be regarded
as a UV/IR mixing for the axial anomalies in noncommutative gauge theories.
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3 The chiral gauge anomaly for bi-fundamental and ad-
joint chiral fermion
We next discuss the non-abelian anomalies for bi-fundamental chiral fermions in noncommuta-
tive Euclidean space. Let us consider a bi-fundamental chiral fermion PRψ
i
j(x) ≡ 1+γ2n+12 ψij(x)
interacting with a U(NA) gauge field Aµ
i1
i2(x) and a U(NB) gauge field Bµ
j2
j1(x). The classical
action on 2n-dimensional noncommutative (Euclidean) space is given by
S[ψ¯, ψ, A,B] =
∫
d2nx ψ¯j i(x) ∗ (i/DR[A,B])ψij(x) , (3.1)
with the Dirac operator /DR[A,B]
i/DR[A,B]ψ
i1
j1(x) = ( /∂δ
i1
i2δ
j2
j1 + Aµ
i1
i2(x) ∗ δj2j1γµPR − δi1 i2 ∗Bµj2j1(x)γµPR )ψi2 j2(x) .
(3.2)
Here the index i runs from 1 to NA and j from 1 to NB, respectively. Although the Dirac
operator /DR[A,B] is not Hermitian in Euclidean space, the operators /D
†
R/DR and /DR/D
†
R are
Hermitian and positive definite:
/D†R/DRϕn(x) = λ
2
nϕn(x) , /DR/D
†
Rφn(x) = λ
2
nφn(x) ,
then we can introduce the orthonormal and complete systems {ϕn(x) } and {φn(x) }:∫
d2nxϕ†m(x)ϕn(x) =
∫
d2nxφ†m(x)φn(x) = δmn . (3.3)
The infinitesimal gauge transformations for the fermions are given as follows,
δψi1j1(x) = ΛA
i1
i2(x) ∗ PRψi2 j1(x)− PRψi1 j2(x) ∗ ΛBj2j1(x) ,
(3.4)
δψ¯j1 i1(x) = −ψ¯j1 i2(x)PL ∗ ΛAi2 i1(x) + ΛBj1j2(x) ∗ ψ¯j2 i1(x)PL ,
with PL ≡ 1−γ2n+12 . Here ΛAi1 i2(x) and ΛBi1 i2(x) denote some infinitesimal functions. Let us
consider the effective action for the gauge fields derived from the classical action (3.1):
W [A,B] = ln
∫
Dψ¯Dψ exp
(
−
∫
d2nx ψ¯j i(x) ∗ (i/DR[A,B])ψij(x)
)
, (3.5)
The invariance of the effective action (3.5) under the infinitesimal transformations (3.4) leads∫
d2nx
{
ΛA
i1
i2(x) ∗ (D(A)R µJµ(A)2n+1)i2 i1(x) + ΛBj1j2(x) ∗ (D(B)R µJµ(B)2n+1)j2j1(x)
}
= Achiral[A,B,ΛA,ΛB] , (3.6)
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where J
µ(A)
2n+1
i1
i2(x) and J
µ(B)
2n+1
j1
j2(x) are the (right-handed) nonabelian currents:
J
µ(A)
2n+1
i1
i2(x) ≡ (ψβi1 j1(x) ∗ ψ¯αj1 i2(x))(γµPR)αβ ,
(3.7)
J
µ(B)
2n+1
j1
j2(x) ≡ (ψ¯αj1 i1(x) ∗ ψβi1 j2(x))(γµPR)αβ .
and the covariant derivative of these current are given by
D(A)µ J
µ(A)
2n+1
i1
i2(x) ≡ ∂µJµ(A)2n+1i1 i2(x) + Aµi1 i3(x) ∗ Jµ(A)2n+1i3 i2(x)− Jµ(A)2n+1i1 i3(x) ∗ Aµi3 i2(x) ,
D(B)µ J
µ(B)
2n+1
j1
j2(x) ≡ ∂µJµ(B)2n+1j1j2(x) +Bµj1 j3(x) ∗ Jµ(B)2n+1j3j2(x)− Jµ(B)2n+1j1j3(x) ∗Bµj3 j2(x) .
The right-hand side of the expression (3.6) is contained in the Jacobian factor of the path
integral measure in the effective action (3.5). We evaluate the Jacobian factor with respect to
the gauge transformation of the fermions. Under the infinitesimal gauge transformation the
path integral measure in the effective action (3.5) transforms as Dψ˜D ˜¯ψ = Jchiral[ΛA,ΛB]DψDψ¯
with the Jacobian
Jchiral[ΛA,ΛB] = exp (−Achiral[ΛA,ΛB]) . (3.8)
Since the Jacobian is ill defined, we have to regularize it by inserting a damping factor. Then
we obtain two types of chiral anomaly reflecting the two different regularization procedures.
We perform the regularization in a gauge covariant way [4, 8]. Inserting the Gaussian factor
exp(−ε/D†R/DR) and exp(−ε/DR/D†R), we have
Aregchiral[A,B,ΛA,ΛB] (3.9)
= lim
ε−→0
Σn
∫
d2nx
[
ΛA(x) ∗
(
PR(e
−ε/D†R/DRϕn(x)) ∗ ϕ†n(x)− PL(e−ε/DR/D
†
Rφn(x)) ∗ φ†n(x)
)
− ΛB(x) ∗
(
ϕ†n(x) ∗ PR(e−ε/D
†
R/DRϕn(x))− φ†n(x) ∗ PL(e−ε/DR/D
†
Rφn(x))
) ]
.
= lim
ε−→0
Σn
∫
d2nx
[
ΛA(x) ∗
(
PR(e
ε/D2ϕn(x)) ∗ ϕ†n(x)− PL(eε/D
2
φn(x)) ∗ φ†n(x)
)
− ΛB(x) ∗
(
ϕ†n(x) ∗ PR(eε/D
2
ϕn(x))− φ†n(x) ∗ PL(eε/D
2
φn(x))
) ]
,
where the differential operator /D is the Dirac operator given in the expression (2.2). In deriving
the expression (3.9), we have used the property of the projection operators PR and PL.
We now evaluate the regularized sum in Fourier space ϕn(x) =
∫
d2nk
(2pi)2n
eik·xϕ˜n(k). Then
we have
Aregchiral[A,B,ΛA,ΛB] = limε−→0
∫
d2nx
∫
d2nk
(2pi)n
(3.10)
Tr
[
ΛA(x) ∗ PR exp
(−ε(i/k + /D)2) eik·x ∗ e−ik·x − ΛA(x) ∗ PL exp (−ε(i/k + /D)2) eik·x ∗ e−ik·x
−ΛB(x) ∗ e−ik·x ∗ PR exp
(−ε(i/k + /D)2) eik·x + ΛB(x) ∗ e−ik·x ∗ PLeε/D2 exp (−ε(i/k + /D)2) eik·x ] ,
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where the notation “Tr” denotes the trace over the U(NA), U(NB) and the Dirac matrices.
Inserting the decomposition /D2 = DµD
µ + 1
2
γµγν [Dµ, Dν ] into the expression (3.10) and per-
forming the rescaling kµ −→ (1/
√
εkµ), we have
Aregchiral[A,B,ΛA,ΛB] = limε−→0
∫
d2nx
∫
d2nk
(2pi)n
ek·k
in
n!
εµ1µ2···µ2n (3.11)
{
TrATrB
[
ΛA(x) ∗ (FAµ1µ2(x) ∗ − ∗ FBµ1µ2(x+
k˜√
ε
)) · · · (FAµ2n−1µ2n(x) ∗ − ∗ FBµ2n−1µ2n(x+
k˜√
ε
))
]
−TrATrB
[
ΛB(x) ∗ (FAµ1µ2(x−
k˜√
ε
) ∗ − ∗ FBµ1µ2(x)) · · · (FAµ2n−1µ2n(x−
k˜√
ε
) ∗ − ∗ FBµ2n−1µ2n(x))
]}
,
where the notations TrA and TrB denote the traces over the U(NA) and U(NB) matrices,
respectively. We shall advance to the calculation in arbitrary dimensions after examining the
case of two and four dimensions.
Two dimensions
The explicit form of the expression (3.11) in two dimensions is given by
Aregchiral[A,B,ΛA,ΛB] = limε−→0
∫
d2x
∫
d2k
(2pi)n
ek·k
−1
2
εµν (3.12){
NB TrAΛA(x) ∗ FAµν(x) +NA TrBΛB(x) ∗ FBµν(x)
−TrAΛA(x) ∗ TrBFBµν(x−
k˜√
ε
)− TrBΛB(x) ∗ TrAFAµν(x−
k˜√
ε
)
}
,
where the coefficients NA and NB arise from NA ≡ TrAINA×NA and NB ≡ TrBINB×NB , respec-
tively. Performing the integration over the momentum k, we find that the factor exp( 1
4ε
p ◦ p)
is generated from the non-planar contributions. Since p ◦ p takes a negative value for arbi-
trary non-zero momentum pµ in two dimensions, we obtain the following result under the limit
ε −→ 0,
Aregchiral[A,B,ΛA,ΛB] =
∫
d2x
1
4pi
iεµν
{
NB TrAΛA(x) ∗ FAµν(x) ∗+NA TrBΛB(x) ∗ FBµν(x)
− TrAΛA(x) TrBF˜Bµν(0)− TrBΛB(x) TrAF˜Aµν(0)
}
. (3.13)
If the Fourier coefficients F˜Aµν(0) and F˜
B
µν(0) are non-zero, there are non-planar contributions
to the chiral gauge anomaly.
Four dimensions
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The chiral gauge anomaly in four dimensions is also derived by taking the limit ε −→ 0 after
performing the integration over the momentum kµ in the expression (3.11) with n = 2. The
concrete form of the chiral gauge anomaly is given by
Aregchiral[A,B,ΛA,ΛB] = −
∫
d4x
1
(2pi)4
εµνρσ (3.14){
NB TrAΛA(x) ∗ FAµν(x) ∗ FAρσ(x)−NA TrBΛB(x) ∗ FBµν(x) ∗ FBρσ(x)
−2TrAΛA(x) ∗ FAµν(x) · TrBF̂Bρσ(x) + 2TrBΛB(x) ∗ FBµν(x) · TrAF̂Aρσ(x)
+TrAΛA(x) · TrBF̂Bµν(x) ∗ F̂Bρσ(x)− TrBΛB(x) · TrAF̂Aµν(x) ∗ F̂Aρσ(x)
}
,
where we have used the notations introduced in the expression (2.18). In deriving the expres-
sion (3.14), we have utilized the commutativity of the product between TrF̂µν and the other
fields. We see that the mixed U(N)U(M)2 or U(N)2U(M) anomaly comes from the non-planar
contributions. The chiral gauge anomaly for an adjoint fermion can be obtained by setting
Aµ(x) = Bµ(x), ΛA(x) = ΛB(x) and NA = NB in the expression (3.14). Since the expres-
sion of anomaly is antisymmetric under the exchange of subscript A and B, the chiral gauge
anomaly vanish in four dimensions. Therefore noncommutative gauge theories with adjoint
chiral fermions are anomaly free in four dimensions.
Arbitrary even dimensions
Let us now return to the arbitrary even dimensions. By the same calculations as the case of
two and four dimensions, we obtain the concrete form of the chiral gauge anomaly in arbitrary
even dimensions:
Aregaxial[A,B,ΛA,ΛB] =
∫
d2nx
in
n!(4pi)n
εµ1µ2µ3µ4···µ2n−3µ2n−2µ2n−1µ2n (3.15){
NB TrAΛA(x) ∗ FAµ1µ2(x) ∗ FAµ3µ4(x) ∗ · · · ∗ FAµ2n−3µ2n−2(x) ∗ FAµ2n−1µ2n(x)
+(−1) Cn 1TrAΛA(x) ∗ FAµ1µ2(x) ∗ FAµ3µ4(x) ∗ · · · ∗ FAµ2n−3µ2n−2(x) · TrBF̂Bµ2n−1µ2n(x)
+(−1)2 Cn 2TrAΛA(x) ∗ FAµ1µ2(x) ∗ FAµ3µ4(x) ∗ · · · · TrBF̂Bµ2n−3µ2n−2 ∗ F̂Bµ2n−1µ2n(x)
· · · · · ·
+(−1)n−1 Cn n−1TrAΛA(x) ∗ FAµ1µ2(x) · TrBF̂Bµ3µ4 ∗ · · · ∗ F̂Bµ2n−3µ2n−2 ∗ F̂Bµ2n−1µ2n(x)
+(−1)n Cn nTrAΛA(x) · TrBF̂Bµ1µ2 ∗ F̂Bµ3µ4 ∗ · · · ∗ F̂Bµ2n−3µ2n−2 ∗ F̂Bµ2n−1µ2n(x)
−(−1)n × (All of the terms with subscript A ↔ B)
}
,
with the notation given in the expression (2.18). Here we have utilized again the commutativity
of the product between Tr(F̂µν ∗ · · · ∗ F̂ρσ) and the other fields. The terms without F̂µν in the
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right-hand side of the expression (3.15) come from the non-planar contributions, while all the
other terms in the same expression come from the non-planar contributions.
We notice the expression (3.15) is antisymmetric under the exchange of the subscript A for
B in D = 4k(k = 1, 2, . . . , ) dimensions, while it is symmetric in D = 4k − 2(k = 1, 2, . . . , )
dimensions. Therefore, the chiral anomalies in D = 4k(k = 1, 2, . . . , ) dimensions vanish in the
theories with adjoint chiral fermions. Namely, the noncommutative gauge theories with adjoint
chiral fermions are anomaly free in D = 4k(k = 1, 2, . . . , ) dimensions.
When we take the limit ε → 0 after integrating over the momentum kµ in the expression
(3.11), and next take the limit p˜µ → 0, then we obtain the chiral gauge anomaly (3.15). On
the other hand, when we take the limit k˜µ → 0 before integrating over the momentum kµ in
the expression (3.11), and next take the limit ε→ 0, then we obtain the chiral gauge anomaly
comes from the planar contributions only. This phenomenon can be regarded as a UV/IR
mixing for the chiral gauge anomalies in noncommutative gauge theories.
4 Conclusions
In this paper, we have calculated the axial and chiral gauge anomalies emerging from non-planar
sector in noncommutative gauge theories. In noncommutative gauge theories with fermions in
the bi-fundamental and the adjoint representation, there are non-planar contributions to the
anomalies. These anomalies in non-planar sector can be evaluated not only in perturbative
analysis but also in path integral formulation. When the regularization by introducing a Gaus-
sian cut-off is performed in path integral formulation, non-planar sector includes the damping
factor depending on the noncommutative momentum p˜µ ≡ pνθµν . Therefore, the anomaly with
the non-zero noncommutative momentum in non-planar sector vanishes. This fact has been
shown also by the perturbative analysis about the chiral gauge anomalies [8]. The argument,
however, breaks down for the zero noncommutative momentum, since in this case the non-
planar sector is not regularized by the damping factor. Therefore the anomalies in non-planar
sector remain for the zero noncommutative momentum. This result is consistent with the result
obtained in perturbative analysis [20].
In the noncommutative gauge theories with adjoint chiral fermion, the chiral gauge anoma-
lies in planar sector vanish in D = 4k(k = 1, 2, . . . , ) dimensions [7, 8]. The adjoint chiral
fermion can be regarded as the product of fundamental and anti-fundamental chiral fermions.
Since the fundamental and anti-fundamental chiral fermions give opposite contributions to the
chiral gauge anomalies in D = 4k(k = 1, 2, . . . , ) dimensions, the anomalies cancel out. The
cancellation mechanism is also valid in non-planar sector. The chiral gauge anomalies in non-
planar sector cancel out in D = 4k(k = 1, 2, . . . , ) dimensions.
Noncommutative quantum field theories exhibit an intriguing mixing of the ultraviolet and
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infrared regions. The limit of the cut-off parameter ε → 0 and that of the noncommutative
momentum p˜µ → 0 do not commute. In deriving the axial and chiral gauge anomaly by
path integral formulation, we find that the limits of the cutoff parameter and that of the
noncommutative momentum do not commute, either. This phenomenon can be interpreted as
UV/IR mixing for the anomalies in noncommutative gauge theories. Namely, the IR singularity
(at the vanishing noncommutative momentum) in non-planar sector leads to the anomalies on
the UV behavior via the intriguing UV/IR mixing in noncommutative gauge theories.
It was well known that there are two types of chiral gauge anomaly: the covariant anomaly
and the consistent anomaly. Although the consistent anomaly is not gauge covariant, it is
a solution of the Wess–Zumino consistency condition. Hence the cohomological method is
applicable to deriving the consistent anomaly [7, 11]. The consistent anomaly and the covariant
anomaly are related to the Moyal star polynomial of the Bardeen–Zumino type [10, 8]. It will
be an interesting subject to investigate the Moyal star polynomial of the Bardeen–Zumino type
coming from non-planar contributions in noncommutative gauge theories. We hope to discuss
this subject in the future.
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